We show that neither the 3-ball nor the solid torus admits a triangulation in which (i) every vertex is on the boundary, and (ii) every tetrahedron has exactly one triangle on the boundary. (Such triangulations are relevant to an unresolved conjecture of Perles.) Our result settles a question posed at the DIMACS Workshop on Polytopes and Convex Sets.
Introduction
Let M be an n-pseudomanifold with boundary. In the dual graph of M denoted G(M), vertices correspond to the n-cells of M with an edge between two vertices i the corresponding n-cells share an (n ? Note that the 3-sphere S 3 can be decomposed into either two 3-balls having a common boundary or into two solid tori (solid torus is the product of a 2-ball and a circle) having a common boundary. Hence if the 3-ball or the solid torus has a triangulation 1. that is not the star of a vertex and 2. in which each tetrahedron has one 2-face (triangle) on the boundary (of the ball or the solid torus) then we could extend that triangulation to a triangulation of S 3 and obtain a 4-dimensional counter-example to the generalization of Perles' question. (The question of whether the 3-ball admits a triangulation having properties (1) and (2) , was posed at the DIMACS Workshop on Polytopes and Convex Sets 2], by Jockusch and Prabhu.)
Against this background, we show that neither the 3-ball nor the solid torus admits a triangulation having properties (1) and (2) . (It is worth noting that the unshellable triangulation of a tetrahedron that M.E. Rudin describes 3], satis es property (1) and all but one tetrahedron (of the triangulation) satisfy property (2) . In Rudin's triangulation, one tetrahedron has no triangle on the boundary.)
In Section 2 we present two proofs of the result about the 3-ball. In Section 3 we present a proof of an analogous result for the torus (that depends on Proof 1 in Section 2).
Triangulation of 3-ball
If X is a manifold with boundary, the relative interior, relative boundary and interior of X will be denoted relint(X), relbd(X) and int(X) respectively. @ will denote the boundary operator. A straightforward argument shows that lk (v) must contain two 2-balls C 1 and C 2 with disjoint relative interiors, having the property that relint(C i ) int(B 3 ) and relbd(C i ) @(B 3 ). Hence each C i divides into two parts; C 1 and C 2 cut into three pieces : 1 , 2 and 3 . Say the arrangement is 1 C 1 2 C 2 3 ; v lies in 2 .
Call an interior triangle a`cutting triangle' if all of its edges are exterior and an`almost cutting triangle' if two of its edges are exterior. Pick two almost cutting triangles A 1 and A 2 from C 1 and C 2 respectively. Let a, b and c be the vertices of A 1 and ab and bc the exterior edges. Proof Observe that since relbd(C) (a circle) is homotopic to a point within T, C either cuts into a 3-ball 1 and its complement (Fig. 1) , or it cuts T into a cylinder (Fig. 2) .
We look at an almost cutting triangle abc of C with exterior edges ab and bc. C divides lk @ (b) into two arcs each of which yields a cutting triangle. Call those cutting triangles T 1 and T 2 . T 1 and T 2 must be distinct and they share the vertex b.
If either T 1 or T 2 cuts T as in Fig. 1 , we obtain a contradiction to Theorem 1. So assume both T 1 and T 2 cut T into a cylinder (as in Fig. 2 ). Then T 1 and T 2 cut into a 3-ball 0 1 and its complement. In 0 1 , if T 1 and T 2 are faces of the same tetrahedron then we can remove 
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